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MARIA SABITOVA 

Abstract. We generalize a theorem of D. Rohrlich concerning root numbers of elliptic curves over 
the field of rational numbers. Our result applies to curves of all higher genera over number fields. 
Namely, under certain conditions which naturally extend the conditions used by D. Rohrlich, we 
show that the root number W(X, r) associated to a smooth projective curve X over a number 
field F and a complex finite-dimensional irreducible representation r of Ga\(F/F) with real- valued 
character is equal to 1. In the case where the ground field is Q, we show that our result is consistent 
with the refined version of the conjecture of Birch and Swinnerton-Dyer. 



1. Introduction 

The main object of study in our paper is the root number W(X, r) associated to a smooth 
projective curve X of genus g over a number field F and a continuous irreducible complex finite- 
dimensional representation r of GaA(F/F) with real- valued character. The root number W(X, r) 
is a complex number of absolute value 1. Assume for simplicity that F = Q. Then W(X, r) 
appears in the following conjectural functional equation: 

A(J X , r, s) = W(X, r) ■ A(J X , T*,2-s), (1.1) 

where s G C, Jx is the Jacobian of X, t* is the dual to r, and 

A( J x , r, s) = A S T ■ T(s) 9dimT ■ L(J X , r, s) 

for some positive constant A T and the twisted L-function L(Jx,t,s) which is a meromorphic 
function of s defined in a right half-plane. This function is conjectured to have an analytic 
continuation to the entire complex plane. Since r has real-valued character, r = r* and W(X, r) = 
±1. Moreover, assuming (1.1) and considering the power series expansion of L(J x ,t,s) about 
s — 1, we get: 

W(X,T) = (_1)°rd s=l L(J x ,T,s)_ ( L2 ) 

In our paper we generalize one result by D. Rohrlich for elliptic curves ([Ro2], p. 313, Prop. 
E) to smooth projective curves of an arbitrary genus. We prove the following theorem: 

Theorem 1.1. Let F be a number field, L a finite Galois extension of F, and r an irreducible 
complex finite- dimensional representation ofGal(L/F) with real-valued character. Let g be a fixed 
positive integer and assume that the decomposition subgroups of Gal(L/ F) at all the places of F 
lying over all the primes less or equal to 2g + 1 are abelian. If the Schur index uiq(t) is 2 then 
W(X, r) = 1 for every smooth projective curve X of genus g over F. 
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If F — Q then Theorem 1.1 can be predicted by the conjectures of Birch-Swinnerton-Dyer and 
Deligne-Gross. Namely, the conjectures of Birch-Swinnerton-Dyer and Deligne-Gross imply 

oid s=1 L(J x , r, s) = (a x , t), (1.3) 

where ax is the natural representation of Gal(Q/Q) on C®z Jx(Q) and (ax, t) is the multiplicity 
of r in a x ([Ro3], p. 127, Prop. 2). This equality is sometimes called the refined version of Birch 
and Swinnerton-Dyer conjecture. Thus, we get from (1.2) and (1.3): 

W(X,r) = (-l)^' r) . (1.4) 

Since ax is realizable over Q and r is irreducible, m<j(r) divides (ax, t). Thus, if wiq(t) = 2 then 
W(X,t) = 1 for every smooth projective curve X over Q (cf. [Ro2], p. 313). 
To prove Theorem 1.1 we use the following formula: 

W(X,t) = Y[W(X v ,t v ), (1.5) 

V 

where v runs through all the places of F, X v = X Xp F v , F v denotes the completion of F with 
respect to v, and t v is the restriction of r to Gal(F v /F v ) <^-> Gsl(F/F). To define W(X v ,t v ) for 
every place v let a' v denote the representation of the Weil-Deligne group W'(F V /F V ) associated 
to X v . Then W(X v ,t v ) = W(a' v <8> r„), where r v is viewed as a representation of W(F V /F V ). We 
will in fact show the following stronger result: 

Theorem 1.2. W(Xy, r„) = 1 /or all v under the hypotheses of Theorem 1.1. 
First, we describe W(X V , r v ). If v is an infinite place then 

w(x v ,r v ) = (-iy dimT (i.6) 

(Lemma 3.1). 

If v is a finite place, then 

WK®r v )= ^ T ^rt XV \v (1-7) 

where ^„ is an additive character of and rfa;^ is a Haar measure on F„ ([Rol], p. 144). 
Here a' v is isomorphic to the representation of W'(F V /F V ) afforded by the /-adic cohomology 
groups of X v ([Chi], p. 427), where / is a rational prime, / ^ char(A^), and k v is the residue 
class field of F v . Since X v is a smooth projective curve, a' v is the representation of W(F V / F v ) 
associated to the natural /-adic representation of Ga\(F v /F v ) on Hl(X v ), which is the Qj-dual to 
Vi(J v ) = Ti(J v ) ®i t Qi, where J v is the Jacobian of X v , and Ti(J v ) is the /-adic Tate module of 
J v . Clearly, W(a' v ® t v ) does not depend on the choice of dx v and it turns out that W(a' v ® r v ) 
does not depend on the choice of ip v either. Moreover, W(a' v ® t v ) = ±1 (see Subsection 2.1). 

We consider two cases: J v is an abelian variety with potential good reduction, and the general 
case. If J v has potential good reduction, it follows from the theory of Serre-Tate that a' v is actually 
a representation of the Weil group W(F V /F V ) (see Subsection 2.2). If char(/^) > 2g + 1, we use 
the theory of Serre-Tate together with methods of the representation theory to describe the class 
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of a' v (g) cu v in the Grothendieck group of virtual representations of W{F V /F V ) (Corollary 2.7, 
Formula (2.6)). Here u v is the one-dimensional representation of W(F V /F V ) given by 

u v \ Iv = l, uj v (<$> v ) = q- 1 , 

where I v is the inertia group of Gal(F v /F v ), <3>„ is an inverse Frobenius element of Gal(F v /F v ), 
and q v = caxd(k v ). Since the root number of representations of W(F V /F V ) is multiplicative in 
short exact sequences, this result enables us to prove the following formula for W(a' v <g> t v ) when 
ch&r(k v ) > 2g + 1 (Proposition 2.9): 

W{a' v ®T v ) =det/i(-l) dimT -detr(-l) Zl • a dimT • (-1)' 2 , (1.8) 

where h = dim /x + |(dim fj, 1 + - • • + dim/x a ), /x, n\, . . . , /x a are some representations of W(F V /F V ), 
a — ±1, l 2 — a • (1, t v ) + a • (r) v , t v ) + a • {jli © • • • © ji a , t v ), fi± © • • • © jl a is a representation of 
Gal(F„/F„) realizable over Q, and r/ v is the unramified quadratic character of F* (cf. [Ro2], p. 
318, Thm. 1). 

In the general case we use the theory of uniformization of abelian varieties. According to this 
theory there exists a semi-abelian variety G v over F v and a discrete subgroup Y v of G v such that, 
in terms of rigid geometry, J v is isomorphic to the quotient G v /Y v . The semi-abelian variety G v 
fits into an exact sequence 

— > T v — ► G v A v — > 0, (1.9) 

where A v is an abelian variety over F v with potential good reduction, T v is a torus over F v of 
dimension r; Y v is an etale sheaf of free abelian groups over Spec(F„) of rank r. To describe a' v 
in this case we use a formula of M. Raynaud ([Ra], p. 314) which gives the action of the inertia 
group I v on the /"-torsion points of an abelian variety over a local field in the case when the 
uniformization data splits. We need this formula to show that in this case 

a'v = ^©(x^®< 1 ®sp(2)), (1.10) 

where k v is the representation of W'(F V /F V ) associated to the natural Z-adic representation of 
Gal(F v /F v ) on the dual space to Vi(A v ) = T t (A v ) Q h 

Xv : Gal(F v /F v ) — > GL r (Z) 

is the representation of Gal(F v / F v ) corresponding to the Galois module Y V (F V ), and sp(2) is 
given by (2.1) (see Proposition 2.10). Since the root number of a direct sum of representations 
of W'(F V /F V ) equals the product of the root numbers of the summands, we get from (1.10) 

W(a' v (g) r v ) = W{n v ® t v ) ■ W(xv ® ®t v ® sp(2)). (1.11) 

We show that if char(/c„) > 2g + 1 then (1.8) holds for k v , i.e. 

W{k v ® t v ) = det /j(-l) dimT • det r(-l)' 1 • « dimr • (-1)' 2 , (1.12) 

where l\ = dim \i + |(dim \i\ + • • • + dim/x a ), /i, /xi, . . . , /x a are some representations of W(F V / F v ), 
a = ±1, I2 — a ■ (1, t v ) + a • (r) v , t v ) + a • (/ti © • • • © fi a , r v ), p,± © • • • © ft a is a representation of 
Gal(F v /F v ) realizable over Q, and rj v is the unramified quadratic character of F*. 
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The rest of the proof of Theorem 1.2 is analogous to one of Proposition E ([Ro2], p. 347). 
Namely, it follows from Lemma on p. 339 and Lemma on p. 347 in [Ro2] that dimr is even. 
Hence we get from (1.6) that W(X v ,r v ) = 1 for infinite places. If v is a finite place then the 
assumption mjj(r) = 2 implies that W(x v <S> ui^ 1 <8> t v <S> sp(2)) = 1 ([Ro2], p. 327, Prop. 6), hence 
we have from (1.11) 

W{a' v ®T v ) = W{k v ®t v ). (1.13) 

If v is a finite place such that char(A^) > 2g + 1 then (1.12) holds which, together with the 
assumption toq(t) = 2, implies that W(k v <g> t v ) = 1. Hence W(a' v <g> t v ) = 1 by (1.13). 

If v is a finite place such that char(/c„) < 2# + 1 then the conditions on bad primes in Theorem 
1.1 imply that t v is symplectic. We show that k v (E)uj1^ 2 is symplectic too (Corollary 2.14). Since 
the real powers of uj v do not change the root number, 

W(k v ®t v ) = W(k v ®uI ,2 ®t v ), (1.14) 

where W(k v <g> uj^ 2 ®r v ) = \ as the root number of the tensor product of two symplectic repre- 
sentations of W(F V /F V ) ([Ro2], p. 319, Prop. 2 and the remark after it). Thus, in this case we 
also have W(X v ,t v ) = 1 by (1.13) and (1.14). 

This paper is organized in the following way. In Section 2 we study the root number W(a'<^>r), 
where r is a complex finite-dimensional representation of Gal(K / K) with real- valued character, 
K is a local non- Archimedean field of characteristic zero, and a 1 is the representation of W'(K / K) 
associated to the /-adic representation of Gsl(K/K) on the dual V t (M)* to VJ(M), where M is an 
abelian variety over K. Subsection 2.1 contains general facts and notation used in the paper. In 
Subsection 2.2 we study the case of an abelian variety with potential good reduction. Subsection 
2.3 deals with the general case. In Section 3 we give the proof of Theorem 1.2. We put proofs 
of the results of Subsection 2.2 in Appendix A. Appendix B contains two lemmas needed for the 
proof of the main result of Subsection 2.3 (Proposition 2.10). In Appendix C we give a description 
of the representation of W'(K/K) associated to the natural /-adic representation of Gal(K / K) 
on Vi(M)* in the case when M is the quotient of a torus by a discrete subgroup (Proposition 
C.l). This result is a special case of Proposition 2.10, however we give an elementary proof which 
does not rely on the result by M. Raynaud mentioned above. In fact, we prove a more general 
result, which can be used to prove formula (1.10) for an arbitrary Jacobian variety J v over F v 
without using Raynaud's result in a special case when in (1.9) the image of Y v under /„ is finite. 
Instead of Raynaud's result the description of symplectic admissible representations of W'(F V /F V ) 
can be used in this case. We give a description of unitary, orthogonal, or symplectic admissible 
representations of W'(K/K) in Appendix D. 

Unless stated otherwise, we assume that all the representations under consideration are complex 
and finite-dimensional. 

Acknowledgments. I would like to thank my adviser Ted Chinburg for suggesting the problem 
and useful discussions. I am also grateful to Siegfried Bosch, Ching-Li Chai, Robert Kottwitz, and 
Michel Raynaud for answering my questions related to the uniformization theory, and especially 
to Michel Raynaud for providing the reference [Ra]. 
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2. Local case 

2.1. General facts and notation. Let K be a non- Archimedean local field of characteristic 
zero with ring of integers O, residue class field k, and a uniformizer w. Let if be a fixed 
algebraic closure of K and let K unr be the maximal unramified extension of K contained in K. 
Let / = Gal(K / K unr ) be the inertia subgroup of GaA(K / K) and let $ be an inverse Frobenius 
element of Gal(K/K), i.e. $ is a preimage of the inverse of the Frobenius automorphism under 
the decomposition map 

7i : Gal(K/K) — ► Ga\(k/k). 

By a representation u of the Weil group W(K/K) we mean a continuous homomorphism 

a : — ► GL(£7), 

where [/ is a finite-dimensional complex vector space. Let u : W(K/K) — > C x be the one- 
dimensional representation of W(K/K) given by 

u)\i = l, u(&) = q~ 1 , 

where q = card(/c). For a finite extension F of K contained in K, we identify by local class field 
theory the one-dimensional representations of W(K/F) with characters of F x (i.e. continuous 
homomorphisms from F x into C x ). Also, if is a representation of W(K/F), the representation 
of W(K/K) induced by will be denoted by lnd^0. Analogously, if ip is a representation of 
W(K / K), then the restriction of ip to W(K/F) will be denoted by Res^-0. 

By a representation cr' of the Weil-Deligne group W'(K/K) we mean a continuous homomor- 
phism 

a' : — ► GL(C/), 

where C/ is a finite-dimensional complex vector space and the restriction of a' to the subgroup C 
of W(K/K) is complex analytic. It is known that there is a bijection between representations of 
W(K/K) and pairs (cr, N), where a : W(K/K) — ► GL(U) is a representation of W(K/K) and 
is a nilpotent endomorphism on U such that 

a(g)Na(g)- 1 = u(g)N, geW(K/K). 

In what follows we identify a' with the corresponding pair (a, N) and write a' = (a, N). Also, a 
representation a of W^/fT) is identified with the representation (cr, 0) of W'(K/K) ([Rol], p. 
128, §3). 

For a positive integer n let sp(n) = (a, AT) denote the special representation of dimension n, 
i.e. the representation of W'(K/K) on C n (with the standard basis e , . . . ,e„_i) given by the 
following formulas: 

cr^e, = ujigYa, 0<i<n-l,geW(K/K), (2.1) 

-^ e j = e i+i> < j < n — 2, 
A^e^.! = 0. 
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We say that a representation a' = (<x, N) of W'{K / K) is admissible if a is semisimple ([Rol], p. 
132, §5). 

Let M be an abelian variety over K. For a rational prime / different from p = char(/c) let 
Ti(M) be the /-adic Tate module of M. It is a free Z,-module of rank 2g, where g = dimM. Put 
Vi(M) = Ti(M) ® Zl Qi and denote by V^M)* the dual of VJ(M). Let 

o x : GaA(K/K) — ► GL(VJ(M)*) 

denote the contragredient of the natural /-adic representation of Gal(K/K) on Vi(M). We are 
interested in the representation a' = (cr,N) of W'(K/K) associated to <r,. Let % : Q, <^-> C be 
a field embedding. Then cr : y^F/lT) — ► GL(V/(M)* ®, C) is _a representation of W(K/K) 
(which is not necessarily obtained from the restriction of 07 to W(K/K) by extending scalars via 
% : Qi ^ C) and N G End(VJ(M)* ® ? C) is a nilpotent endomorphism (see [Rol], p. 130, §4 for 
more detail). A priori, a' depends on the choice of / and i, but by abuse of notation we write a' 
instead of a' lr We will prove later that in our context a' does not depend on the choice of / and %. 
Let r be a representation of Gsl(K / K) with real- valued character. Our goal in this section is to 
compute the root number W(a' <8> r). We are particularly concerned with the case when M is the 
Jacobian of a smooth projective curve over K. In this case M is self-dual and, consequently, there 
is the Weil pairing on M/n = Hom(Z// ra Z, M(K)), which induces a nondegenerate, symplectic, 
Gal(i^/fT)-equivariant pairing 

(-,-): T t (M) x T t (M) — > u h 

where ui is the /-adic cyclotomic character of Gel(K / K). It is easy to show that a' ® uo 1 ^ 2 is 
symplectic (cf. [Rol], p. 150, §16). This is the only use we will make of the fact that M is 
the Jacobian variety of a curve. Thus, throughout this section we assume that M is an abelian 
variety such that a' uj 1 / 2 is symplectic. Then a' <g> uj 1 ! 2 <8> r is self-contragredient and of trivial 
determinant, hence W(a' <S> t) = W(a' ® uj 1 ^ 2 ® r), where W(a' ® uj 1 ^ 2 ® r) does not depend on 
the choice of an additive character of K and W(a' <g> cj 1/2 ® r) = ±1 ([Ro2], p. 315). 

The main theory we are using to find a formula for W(a' <E> t) is the theory of uniformization 
of abelian varieties. According to this theory there exists a semi-abelian variety G over K and a 
discrete subgroup Y of G such that, in terms of rigid geometry, M is isomorphic to the quotient 
G/Y. The semi-abelian variety G fits into an exact sequence 

— >T — >G^A — >0, (2.2) 

where A is an abelian variety over K with potential good reduction, T is a torus over K of 
dimension r; Y is an etale sheaf of free abelian groups over Spec(fT) of rank r. 

2.2. Case of an abelian variety with potential good reduction. Let A be an abelian variety 
over K with potential good reduction and let 

re, : Ga\(K/K) — ► GL(Vi(A)*) 

denote the natural /-adic representation of G&\(K / K) on Vi(A)*. First, let us show that the 
representation re' = (re, S) of W(K/K) associated to re, is actually a representation of W(K/K), 
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i.e. 5 = 0. Indeed, k' is a representation of W(K/K) if and only if ki is trivial on an open 
subgroup of / ([Rol], p. 131, Prop.(i)). Let 

ipi : Gsl(K/K) — ► Aut(T,(A)) 

denote the representation corresponding to the Gal^/A^-module Ti(A). Since A has potential 
good reduction, the image by ipi of / is finite ([S-T], p. 496, Thm. 2(i)), which implies that the 
image by K\ of I is finite, hence K[ is trivial on an open subgroup of / (cf. [Rol], p. 148). 

It is known that a complex finite-dimensional representation A of a group is semisimple if and 
only if its restriction to a normal subgroup of finite index is semisimple ([Che], p. 82, Prop. 1 
and [Rol], p. 148). Moreover, since every subgroup of finite index contains a normal subgroup of 
finite index, this implies that A is semisimple if and only if its restriction to a subgroup of finite 
index is semisimple. This fact will be used frequently throughout this paper, so for convenience 
we state it as a separate lemma: 

Lemma 2.1. A complex finite- dimensional representation of a group is semisimple if and only if 
its restriction to a subgroup of finite index is semisimple. 

Lemma 2.2. k is semisimple. 

Proof. Since the image by k of / is finite, by Lemma 2.1 it is enough to show that k(<E>) is 
diagonalizable. Also, if L C K is a finite extension of K over which A acquires good reduction, 
then by the above fact k is semisimple if and only if its restriction to W(K/L) is semisimple. 
Thus, we can assume that A has good reduction (cf. [Rol], p. 148). Let A be the Neron minimal 
model of A and A = A x a k the special fiber of A . Since A has good reduction, the reduction 
map defines a Gal(A'/A')-equivariant isomorphism of onto Ti(A), where Gel(K/K) acts on 

T t (A) via the decomposition map ir ([S-T], p. 495, Lem. 2). Thus, 

V^A) - V^A) (2.3) 

as Gal(A'/A')-modules. By Tate's result on Tate's conjecture, the natural /-adic representation fi t 
of Gal(/c//c) on Vi(A) is semisimple. Since G&\(k/k) is abelian, is a direct sum of one-dimensional 
representations, hence /^(7r($)) is diagonalizable, consequently, k*(<&) is diagonalizable, because 
is equivalent to $(7r(3>)) via (2.3). This proves that is diagonalizable, because «(<&) 
is just considered as an element of GL(VJ(A)* ® t C). □ 

Corollary 2.3. The representation k does not depend on choice of I and %. 

Proof. [Rol], p. 148 and Lemma 2.2. □ 

Remark 2.4. Throughout this subsection we assume that k®uj 1 ^ 2 is symplectic. We will prove 
that this is true in our context, i. e. for an abelian variety A over K with potential good reduction 
fitting into exact sequence (2.2) corresponding to an abelian variety M which is the Jacobian of 
a smooth projective curve over K {Corollary 2.14). 

Since A has potential good reduction, there exists a minimal finite subextension L/K unr of 
K/K unr over which A acquires good reduction. It is a Galois extension and it is tamely ramified 
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if p > 2m + 1, where m = dim A. Moreover, Gal(K/L) is contained in the kernel of the represen- 
tation ipi ([S-T], p. 497, Cor. 2 and p. 498, Cor. 3). Thus, k and, consequently k ® a; 1 / 2 , can be 
considered as representations of the group 

W(L/K) = W(K/K)/G&L(K/L) = Gsl(L/K unr ) x ($), 

where ($) is the infinite cyclic group generated by $ (cf. [Ro2], p. 331). Throughout this 
subsection we assume that p > 2m + 1. Then, under this assumption B = Gal(L / ' K unr ) is a finite 
cyclic group of order not divisible by p and k <g> oo 1 ^ 2 is a semisimple (by Lemma 2.2), symplectic 
(by assumption) representation of the semi-direct product G — B x (<&) of finite and infinite cyclic 
groups. Using Corollary on p. 499 in [S-T], it is immediate that k has Q- valued character. Since 
uj is trivial on /, it follows that Res^(/t ® u 1 ^ 2 ) has Q- valued character. The following results 
give a description of such a representation, i.e. a semisimple symplectic representation A of a 
semi-direct product of a finite cyclic group B and an infinite cyclic group such that the restriction 
of A to B has Q-valued character. They will be used later to generalize a formula for the root 
number obtained by D. Rohrlich. 

Proposition 2.5. Let C = (c) be an infinite cyclic group generated by an element c and let 
B = (b) be a finite cyclic group of order n generated by an element b. Let G = B x C be a 
semi-direct product, where C acts on B via c~ x bc = b k for some k G (Z/nZ) x . Denote by s the 
order of k in (Z/nZ) x . Then every irreducible symplectic representation A of G factors through 
the group H = G/(c 2s ) and as a representation of H it has the following form 

A = Ind% ^0, 

where T is a subgroup of C/(c 2s ) generated by an element c x and is a one- dimensional repre- 
sentation of B X T satisfying the following conditions: 

• (f){b) = £ for an n-th root of unity £ of order d (d ^ 1, 2) 

• x is the order of k in (Z/dZ) x 

• x is even 

• (f)(c x ) = -1 

• 1 + A; 2 = (modd). 

Conversely, every representation of this form is symplectic and irreducible. 

In the notation of Proposition 2.5 let A = Ind^p^ be a symplectic irreducible representation 
of G and 9 the one-dimensional representation of B x T such that 9(c x ) = —1, 9(b) = 1. Let 

A = lndf„ r (0®0). (2.4) 

Whereas A is symplectic, A is realizable over R. It can be checked using Proposition 39 ([S], p. 
109). 

For a group D let R(D) denote the Grothendieck group of the abelian category of finite- 
dimensional representations of D over C. If p is such a representation we denote by [p] the 
corresponding element of R(D). 
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Proposition 2.6. Let G = £> x C be a semi-direct product as in Proposition 2.5 and A a semisim- 
ple symplectic representation of G. If Res%\ has Q-valued character, then 

[A] = [//] + [//] + 2 • ([/i ] - [//(,]) + M + • • • + H, (2.5) 

where fi is a representation ofG, yU and /ig are symplectic representations ofG with finite images, 
/ii, . . . , /i a are irreducible symplectic subrepresentations of A with finite images, p,i,...,p, a are 
representations with finite images given by (2.4) such that fix © • • • © fi a is realizable over Q. 

Corollary 2.7. Let k be the representation of W(K / K) corresponding to Vi(A)* such that A = 
k <g> uj 1 ! 2 is symplectic. Let m = dim A and p > 2m + 1. Then in R(W(K / K)) we have 

[A] = [/.] + [//] + 2 • ([/i ] - + M + ■■■ + W, (2.6) 

where fi is a representation of W(K / K) , fi and /i' are symplectic representations of W(K / K) 
with finite images, jii, . . . , ji a are irreducible symplectic subrepresentations of 'A with finite images, 
fii, . . . , fi a are representations with finite images given by (2.4) such that fi\ © • • • ©/t a is realizable 
over Q. 

Let r be a representation of Gal(K / K) with real- valued character. To compute the root number 
W(k® t) we generalize the following result by D. Rohrlich ([Ro2], p. 318, Thm. 1) : 

Theorem 2.8. Let K be a local non- Archimedean field of characteristic zero. Let t be a repre- 
sentation of Ga\(K / K) with real-valued character. Then 

W(\ ® r) = det r(-l) • <p(uH 2 /K) dimT ■ (-1)< 1 ' T > + <"> T >+^> T >. 

Here A is a two-dimensional irreducible, symplectic representation of Gal(fT / K) of the form 
A = lnd^ 2 0, where H 2 is the unramified quadratic extension of K, <fi is a tame character of if 2 x ; 
T] is the unramified quadratic character of K x ; A = lnd^ 2 (0 ® 9), where 9 is the unramified 
quadratic character of if 2 x , and (p(uh 2 /k) = ±1 (see [Ro2], p. 318 for more detail). 
We prove the following generalization of Theorem 2.8: 

Proposition 2.9. Let k, be the representation ofW(K/K) corresponding to Vi(A)* such that 
k ® uj x I 2 is symplectic. Let m = dim A and p > 2m + 1. Let r be a representation of Gal(K / K) 
with real-valued character. In the notation of Corollary 2.7 we have 

W(k®t) = det/i(-l) dimr -detr(-l) il • a dimr • (-1)' 2 , (2.7) 

where li = dim /i + 1 (dim /iH hdim/i a ) 7 a = ±1, l 2 = a - (1, r) +a- (77, r) +a- (/ii© • • - ©/ia, t), 

and r] is the unramified quadratic character of K x . 

2.3. General case. We keep the notation of Subsection 2.1. Let a' = {cr,N) be the represen- 
tation of W'(K/K) associated to the natural /-adic representation of Gal(K / K) on Vi(M)*, k 
the representation of W(K/K) associated to the natural /-adic representation of Gal(K/K) on 
Vt(Ay, and 

X : GaA(K/K) — > GL r (Z) 
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the representation corresponding to the G&\(K/ i^)-module Y(K). It is known that there is a finite 
Galois extension L C K of K such that Gal(K / L) acts trivially on Y(K), hence x has finite image. 
Here k is actually a representation of W(K/K) (see Subsection 2.2) and we identify k with the 
representation (k, 0) of W'(K/K). Also, we identify x with the representation (ReSyy^^x, 0) 
of W'^/X). 

The main result of this subsection is the following proposition: 
Proposition 2.10. 

o' K © (x<g>w _1 <g> sp(2)). (2.8) 
To prove Proposition 2.10 we will need the following lemmas. 

Lemma 2.11. Let A' = (A, R) be the representation ofW'(K/K) associated to the natural I -adic 
representation ofGal(K/K) on Vi(T)* . Then R = and 

A ^x®^ 1 - 

Proof. From the exact Ga^fT/i^-equivariant sequence (2.2) we get the following exact sequence 
of Gal(Z/fT)-modules: 

— ► T(K) — > G(K) — > A(K) — ► 0. 

Since T(K) is a divisible group, the last sequence induces an exact Gal(fT/fT)-equivariant se- 
quence of /-adic Tate modules: 

— > T t (T) — > Ti(G) — > — > °- 

By tensoring the above sequence with Q/ over and taking duals over afterwards, we get the 
exact sequence of Gal(i^/i^)-modules: 

o — ► Vi(A)* — ► Vi(G)* — ► Vi(ry — ► o. (2.9) 

Let X be the character group of T. Then T{K) = Rom z (X(K), K^) as Gal(tf/A>modules 
over Z, hence we have the following sequence of isomorphisms of Gal(i^/i^)-modules: 

Vt(T) = T l (T)® Zl Q l 9iRom z (X(K),T l (K x ))®z l Q l (2.10) 
Hom Zl (X(K) ® % ZiMK*)) Qi 
Hom Q! (X(K)®zQ/,^(^ X )) 
= (X(Z)(g) z Q0*«)Q ( VJ(F X ). 

It is known that there is an injective homomorphism <fi : Y — ► X with finite cokernel ([F-C], p. 
58), consequently 

Y(K) ® z Qi X(K) ® z Q z 
as Gal(K / K)-modules over Q z . Thus, we get from (2.10) 

V t (T)* = (Y(K) ® z Q,) ® Ql V^K*)*. (2.11) 

Let % : Qi C be a field embedding and let be the functor which associates to an /-adic 
representation of GaL(K/K) a representation of W'(K/K). Since the image of the representation 
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of Gal(K / K) on Y(K) ®^ Qi under Fi jt is x an d the image of the representation of Gal(K / K) on 
Vi(K X y under is ou' 1 , by (2.11) the image A' of the representation of Ga\(K/K) on VJ(T)* 
under is x®^" 1 - Thus A' = x®^ -1 , hence A' is a representation of W(K/K), i.e. i? = 0. □ 

Lemma 2.12. Let p' = (p, P) be the representation ofW(K/K) associated to the natural l-adic 
representation ofGal(K/K) on Vi(G)*. Then P = and 

p K © (x®^" 1 ). 

Proof. Sequence (2.9) induces an exact sequence of corresponding representations of W'(K/K), 
i.e. 

— > \4(A)* ®,C^ Vi(G)* ®»C^ V1(T)* ®»C^0 (2.12) 

is an exact sequence of W'(K/K) -modules, where « : Q/ C is a field embedding, (k,0) is the 
representation of W(K/K) on V^(A)* ® l C, p' = (p, P) is the representation of W(K/K) on 
VJ(G)* ®, C, and by Lemma 2.11, (x <8> 0) is the representation of W(K/K) on V^(T)* <g>, C. 
In particular, (2.12) is an exact sequence of VV(if /if )-modules and it splits if p is semisimple, 
which implies that p=n@ (x®^ 1 )- Thus, it is enough to show that P = and p is semisimple. 

It is known that there is a finite Galois extension L C if of K such that T x K L splits and 
iXft-I has good reduction. Since p is semisimple if and only if its restriction to a subgroup of 
finite index is semisimple (Lemma 2.1) and ReSyy/^/^p' = (Res^-p, P) ([Rol], p. 130), to prove 
that P = and p is semisimple we can assume that T splits over K and A has good reduction over 
K. Then it follows from Lemma 2.11 that x is trivial. Also, since the image of i under p is finite, 
by Lemma 2.1 to prove that p is semisimple it is enough to prove that p($) is diagonalizable. 

Taking into account that x is trivial, from (2.12) we obtain that in a suitable basis p(<&) has 
the following form: 

«*> - ( v ; Er ) ■ < 2 i3 > 

where i? r is the r x r-identity matrix. Let 

Ki : Gal(if/if) — ► Aut(T,(A)) 

be the /-adic representation corresponding to the Galois module TJ(-A). It is known that the 
absolute values of the eigenvalues of /«/($) are equal to q 1 ^ 2 ([S-T], Corollary on p. 499). Then 
the absolute values of the eigenvalues of k(<&) are equal to q^ 1 ^ 2 , since the eigenvalues of are 
the inverses of the eigenvalues of K/($). It follows that none of the eigenvalues of /t($) is equal 
to q. Since is diagonalizable by Lemma 2.2, (2.13) shows that p(<&) is diagonalizable, hence 
p is semisimple and p' is admissible. 

Let us show now that P = 0. Since (2.12) is an exact sequence of W(K / K )-modules, we have 

Nh(x) = 0, \/x eVi(A)* ® t C, 
g(Ny) = 0, VyeVW^C, 
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which implies that iV 2 = 0. On the other hand, since p' is admissible, it has the following form: 

s 

p' = 0«i ®sp(n,), 
i=i 

where each a, is a representation of W(K / K), each is a positive integer, and we can assume 
that rii 7^ rij if i ^ j ([Rol], p. 133, Cor. 2). Since N 2 = 0, it follows that each rii is 1 or 2, i.e. 
without loss of generality we can assume that 

p / ^a 1 ©(a 2 ® sp (2)). (2.14) 

We will show that a 2 = 0. Assume that a 2 ^ 0. From (2.14) we have 

p^ a 1 ®a 2 ®(a 2 ®u)). 

On the other hand, since p is semisimple, the exact sequence (2.12) of W(K/K) -modules splits, 
i.e. 

p^ K®^- 1 )^, 

because x is trivial. Thus, combining the last two congruences, we get 

a 1 ®a 2 ®(a 2 (g)iu)^K®(iu- 1 ) (Sr . (2.15) 

By assumption, A has good reduction, hence by the criterion of Neron-Ogg-Shafarevic ([S-T], p. 
493, Thm. 1) the inertia group / acts trivially on Vi(A)*. Since by Lemma 2.2, k is semisimple 
it implies that k = «j, where m = dim A and Ki, . . . , n 2m are one-dimensional subrepresen- 
tations of k. Thus, it follows from (2.15) that a 2 is a sum of one-dimensional representations. 
Let ao be one of them. Then using the uniqueness of decomposition of a semisimple module into 
simple modules we have from (2.15): 

ao = uj^ 1 or ao = Ki 

for some Ki, hence 

a <E> oj = 1 or ao ® u) = Ki ® u. 

In particular, the absolute value of a ®u(&) is 1 or q~ 3 ^ 2 , because the absolute value of Kj($) is 
g -1 / 2 for each i (see above). It implies that ao®co is neither cu^ 1 nor Ki for any i which contradicts 
(2.15). Thus, a 2 = and p' is a representation of W{K / K). □ 

Lemma 2.13. a' is admissible. 

Proof. There is the following exact Ga^fT/i^-equivariant sequence ([Ra], p. 312): 

— ► G(K)in — »■ M(K) ln — »■ Y(K)/l n Y(K) — »■ 0, (2.16) 

where G(K)in (resp. M(K) ln ) denotes Hom(Z/Z n Z, G(K)) (resp. Hom(Z// n Z, M{K))). Since 
Y(K) is a free group of rank r and G(i^) is divisible by Lemma B.l (see Appendix B), we have 
the following exact sequence of Ga^fT/i^-modules: 

— Ti(G) — . T,(M) — ^ x ® Z[ — ^ 0. 
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By tensoring the above sequence with Qi over Z; and taking duals over Qi afterwards, we get: 

0^X<8>Q[ — >^(M)* — — >0, (2.17) 

because x — X* as a representation with finite image, realizable over Z. 

As in the proof of Lemma 2.12, by Lemma 2.1 we can assume that A has good reduction over 
K and T splits over K. Then it follows from Lemma 2.11 that x is trivial. Also, by Lemma 2.1 
to prove that a' is admissible it is enough to prove that 0"($) is diagonalizable. 

Sequence (2.17) induces an exact sequence of corresponding representations of W'(K/K), i.e. 

o — > (x ® QD ®. c — > vhm)* ®. c — > VKG0* ®. c — > o (2.18) 

is an exact sequence of W(-ft'/-ft')-modules, where x is the representation of W'(K/K) on (x © 
Q[) ©» C, a' = (a, A) is the representation of W{K/K) on VJ(M)* ©* C, and by Lemma 2.12, 
ft © (x © is the representation of W'(K/K) on Vi(G)* © t C. Taking into account that x is 
trivial and (2.18) is an exact sequence of W(i^/i^)-modules, we obtain that in a suitable basis 
cr($) has the following form: 

(E r * * \ 
qE r * . (2.19) 
«($) / 

Here k($) is diagonalizable by Lemma 2.2. Since the absolute values of the eigenvalues of k($) 
are equal to q" 1 ^ 2 (see above), none of the eigenvalues of «(<&) is equal to 1 or q. Thus, (2.19) 
shows that is diagonalizable, hence a is semisimple, and a' is admissible. □ 

Proof of Proposition 2.10. Since a' is admissible by Lemma 2.13 and the representations of the 
Weil-Deligne group W{K/K) on (x <S> Q[) ® l C and V^(G)* ®j C are actually representations of 
the Weil group W(K/K), the same argument as in the proof of Lemma 2.12 applied to (2.18) 
gives that a' has the following form: 

o> = 7© (5®sp(2)), (2.20) 
where 7 and 5 are representations of W(K/K). Hence 

On the other hand, since a is semisimple by Lemma 2.13, the exact sequence (2.18) of W(K/K)- 
modules splits, i.e. 

(J = X©/«©(X®^ _1 )- 
Thus, combining the last two congruences, we get 

7 ©5© (5®u) = x©«© (x^ccT 1 ). (2.21) 

Note that x is isomorphic to a subrepresentation of 7 © (5 © u>), because by (2.18) 

X ^ ker = 7 © (5 © a;). 

Thus, <5 is isomorphic to a subrepresentation of k® (x©^" 1 ) by the uniqueness of decomposition 
of a semisimple module into simple modules. We claim that 5 is isomorphic to a subrepresentation 
of x ©^ _1 - Indeed, suppose there is an irreducible subrepresentation 5 of 5 which is isomorphic 
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to a subrepresentation of k. Since the absolute values of the eigenvalues of «(<&) are equal to 
q~ l l 2 (see above), the eigenvalues of 5 (Q) are of absolute value q~ x l 2 . Hence the eigenvalues 
of So © are of absolute value g~ 3 / 2 . On the other hand, it follows from (2.21) that S © uo 
is isomorphic to a subrepresentation of x, k, or x ® which is a contradiction because the 
eigenvalues of x(<&), and x ® u; _1 ($) are of absolute values 1, g -1 ^ 2 , and q respectively. 

Thus, S is isomorphic to a subrepresentation of x <H> Since dim<5 = r by Lemma B.2 (see 

Appendix B), we have S = x ® u; -1 , hence 7 = k by (2.21) and cr' = k © (x © © sp(2)) by 
(2.20). □ 

Corollary 2.14. k © cj 1 / 2 is symplectic. 

Proof. It follows from Proposition 2.10 that 

a = k@ (x©^ 1 ) @x- 

Thus, 

a © cj 1/2 = (« © cj 1/2 ) © (x © cj~ 1/2 ) © (x © ^ 1/2 )- 
Here x is a representation of finite image realizable over Z, hence (x © c^ 1 / 2 )* = X ® ^ _1 ^ 2 and 
(x©^ -1 / 2 ) © (x®^ 1 ^ 2 ) is symplectic. Since a®uj l l 2 is symplectic by assumption (see Subsection 
2.1), this implies that k © uj 1 ! 2 is symplectic too. Indeed, since a © uj 1 ! 2 is semisimple and 
symplectic, it follows from Lemma A. 2 (see Appendix A) that a © u 1 ^ 2 has the following form: 

(7 ©cj 1/2 ^z/©z/*©Ai©---©A s , (2.22) 

where v is a representation of W(K / K) and Ai, . . . , \ s are irreducible symplectic representations 
of W(K/K). On the other hand, we have 

a © uo 1 ' 2 = {k® lu 1/2 ) © (x © oo 112 )* © (x © oo 1 ' 2 ). (2.23) 

Putting (2.22) and (2.23) together and taking into account the uniqueness of decomposition of a 
semisimple module into simple modules, we conclude that k © co 1 ^ 2 must have the same form as 
a © uo 1 / 2 in (2.22), i.e. without loss of generality we can assume that 

k © uj 1/2 = n © n* © Ax © • • • © A t , 
where fj, is a subrepresentation of v and t < s. Thus, k © cu 1 ^ 2 is symplectic. □ 
Corollary 2.15. The representation a' does not depend on choice of I and %. 
Proof. The statement is a consequence of Corollary 2.3 and Proposition 2.10. □ 
Corollary 2.16. Let r be a representation ofGal(K/K) with real-valued character. Then 

W(a' © r) = W(k © r) • det r(-l) r • det x(-l) dimr • (-1) <X,T> . (2.24) 
Moreover, when p > 2g + 1 we have 

W{a' © r) = det /i(-l) dimr • det x(-l) dimr • det r(-l) r+/l • « dimr • (-l)<x> T >+fe, (2.25) 

where l\ = dim// + |(dim/ii + • • • + dim/i a ) 7 n is a representation of W(K / K) , . . . , /i a are 
irreducible symplectic subrepresentations of k® uj 1 ! 2 with finite images, a — ±1, Z 2 = a • (1, t) + 
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a • (rj, t) + a • (/ti © • • • © fi a , r) , jli, . . . , fi a are representations with finite images given by (2.4) 
such that fai © • • • © fi a is realizable over Q 7 and rj is the unramified quadratic character of K x . 

Proof. Since the root number of a direct sum of representations of W'(K/K) equals the product 
of the root numbers of the summands, we get from Proposition 2.10 

W(a' © r) = W(k © r) • W{x © uj^ 1 © sp(2) © r), (2.26) 

where by Proposition 6 ([Ro2], p. 327) 

W( X © uj' 1 © sp(2) © r) = det r(-l) r • det x(-l) dimr • (-1) <X,T> , 

which proves (2.24). 

Formula (2.25) is a consequence of (2.24) together with Proposition 2.9 and Corollary 2.14. □ 

3. Proof of Theorem 1.2 

We keep the notation of the introduction. 

Lemma 3.1. Let X be a smooth projective curve of genus g over a number field F and r a 
representation o/Gal(F/F) with real-valued character. Then at every infinite place v of F we 
have 

w(x v ,r v ) = (-iy dimT . 

Proof. To define W(X V) t v ) let a' v denote the representation of the Weil-Deligne group W'(F V /F V ) 
associated to X v , then W(X v ,r v ) = W(a' v © r„), where r v is viewed as a representation of 
W'(F V /F V ). If v is an infinite place such that F v = C, then the representation o' v = o v of 
W(C/C) = W(C/C) = C x has the following form: 

(T v = (<Pi,o © ^ 1,D ) © (<A),i © H ' 1 ), 
where (p PiQ : W(C/C) — > C x (p, q G Z) are given by 

<fp,q{z) = Z - p Z- q , 

H 1 ' and H ' 1 are the components of i7 1 (X ?) ,C) in the Hodge decomposition 

H\X V ,C) = H 1 ' ®!! ' 1 . 
Here H 1 ' and H ' 1 are endowed with the trivial action of W(C/C), hence 

^ = Ko©^,i) % (3.1) 

Let v be an infinite place such that F v = R. We have 

W(C/R) = W(C/R) = C x U JC X , 

where J 2 = —1 and JzJ~ l = z for z G C x . Here W(C/C) is identified with the subgroup C x of 
W(C/1R). In this case the representation a' v = a v of W(C/1R) associated to X v has the following 
form: 
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where Indjj (fio,i denotes the representation of W(C/M) induced from </? 0;1 . As in the complex case, 
H ' 1 is endowed with the trivial action of W(C/M), hence 

a v = (Ind^o,i) es (3.2) 

([Rol], p. 155, §20). 

It follows from the proof of Theorem 2(i) ([Ro2], p. 329) that 

W((<p lfi ®ipo,i)®T v ) = (-l) dimT if F V = C and 

W((Ind^o,i)®T„) = (-l) dim - if F V = R. 

Now the statement follows from these formulas together with formulas (3.1) and (3.2). □ 

Lemma 3.2 ([Ro2], Lemma on p. 347). Let G be a finite group, D C G an abelian subgroup, 
and t an irreducible representation of G with real-valued character. If i71q(t) = 2 then Res^r is 
symplectic. 

Lemma 3.3. Let G be a finite group and r an irreducible representation of G with real-valued 
character. IfuiQ^r) = 2 then dimr is even and detr is trivial. 

Proof. By Lemma on p. 339 in [Ro2] if r has odd dimension or nontrivial determinant, then there 
is a cyclic subgroup D of G such that Res^r is not symplectic, which contradicts Lemma 3.2. □ 

Proof of Theorem 1.2. By Lemmas 3.1 and 3.3, W(X V , t v ) = 1 at every infinite place v of F . 

Let v be a finite place of F lying over a prime number p. Let o~' v be the representation of 
W'(F V /F V ) associated to X v . Since by Lemma 3.3 det r is trivial and dimr is even, (2.24) implies 

W(X V2 t v ) = W(k v <g> Tv ) • (-1)< X "> T «>, (3.3) 
where Xv is a representation of Gal(F v /F v ) realizable over Z (see Subsection 2.3 for the definition 
of Xv)- Moreover, when p > 2g + 1 from (2.25) we have 

W(X V ,T V ) = ( — l) a ( 1 ' T 'i'>+a(^,-ru>+a<A,T„}+(x„,T„)^ (3-4) 

where rj v is the unramified quadratic character of F„ x , and A = fi\ © • • • © fi a is a representation 
of Gsl(F v /F v ) realizable over Q. 

The rest of the proof is analogous to the argument given by D. Rohrlich in [Ro2]. Let K C F 
be a finite Galois extension of F such that r factors through the group G = Gel(K/F) and Xv 
factors through the decomposition subgroup H of G at v. Then 

(Xv,t v ) = (lnd%Xv,r) 

by Frobenius reciprocity. Since Xv is realizable over Q, Ind^Xu is realizable over Q, hence 
(Ind^Xi>? r ) is divisible by toq(t). By assumption m^r) = 2, hence (x„,t„) is even. Analo- 
gously, (l,r„), (t] v ,t v ), and (A, r„) are even, hence W^(X„,r„) = ^(/tt, ® r„) by (3.3) and when 
p > 2g + 1 we have W(X V , t v ) = 1 by (3.4). When p < 2g + 1 by assumption the decomposition 
subgroup of Gel(L/F) at v is abelian, hence r v is symplectic by Lemma 3.2. Also k v <S> w«^ 2 is 
symplectic by Corollary 2.14. Since k v is a representation of W(F V /F V ) (see Subsection 2.2), 

W(k v <S> t v ) = W(k v ® cj„ 1/2 ® r„) = 1 
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by Proposition 2 and the remark after it on p. 319 in [Ro2]. 



□ 



Appendix A. 



Lemma A.l. Let C = (c) be an infinite cyclic group generated by an element c and let B = (b) 
be a finite cyclic group of order n generated by an element b. Let G = B x C be a semi-direct 
product, where C acts on B via c~~ 1 bc = b k for some k G (Z/nZ) x . Denote by s the order of k in 
(Z/nZ) x . Then every irreducible representation A of G has the following form: 



where Ao is an irreducible representation of G trivial on the subgroup of C generated by c s and 
is a one- dimensional representation of G. 

Proof. Since c s is contained in the center of G and A is an irreducible complex representation, 
by Schur's lemma A(c s ) is a scalar multiple of the identity matrix E, i.e. A(c s ) = a ■ E for some 
a G C x . Define a one-dimensional representation of G as follows: 0(6) = 1 and 0(c) equals an 
s-th root of a. Then A = A © _1 is trivial on (c s ) and A = A © 0. □ 

Proof of Proposition 2.5. Let A be an irreducible symplectic representation of G. Then by Lemma 
A.l, A = Ao © 0, where Ao is an irreducible representation of G trivial on the subgroup of C 
generated by c s and is a one-dimensional representation of G. Since A is symplectic, A and its 
contragredient representation have the same character, which implies that for any jGGwe have 



Taking into account that Ao is trivial on (c s ), the above equation for g = c s gives 0(c 2s ) = 1, i.e. 
A can be considered as an irreducible symplectic representation of the finite group H = Gj (c 2s ) = 
B xi C/(c 2s ). By abuse of notation we will denote the image of c in C/(c 2s ) also by c, then c 2s = 1 
and c _1 6c = b k in H . As an irreducible representation of the semi-direct product H, A can be 
constructed from a one-dimensional representation ipi of B in the following way. Let tpi(b) = £ 
for some n-th root of unity £ of order d in C x . Let V = (c x ), where x = \k\ in (Z/gK) x , and ip2 
be a one-dimensional representation of V . Then ipi and ip2 can be extended to representations of 
B xi T via 



Then A = Ind B><r (-0i ® ^2) ([S], p. 62, Prop. 25). Let If be a representation space of H 
corresponding to A, V = Ce C W be a one-dimensional subrepresentation of Resf ^pA isomorphic 
to -01 (g> -02 and spanned by a nonzero vector e G V over C. Then W = V © cV © c 2 V © • • ■ © c x ^ 1 V 



A = A © 0, 



0Q ? )-trA o (3) = 0(( ? )- 1 -trA o ((r 1 ). 
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and A has the following form in the basis {e, ce, c 2 e, . . . , c x ~ 1 e}\ 
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Since A is symplectic, x = dim A is even and det A = 1, hence detA(c) = — ip2(c x ) = 1, which 
implies that ^(c*) = —1. Denote by x the character of A. By Proposition 39 ([S], p. 109), A is 
symplectic if and only if 

1 1 yen 

Let y = c v U consequently, y 2 = c 2v b^ 1+kv \ Clearly, x(y 2 ) — if U 2 & B xi T and y 2 G B x T if 
and only if x divides 2v and, since x is even, if and only if | divides v. Let v = |m, then we have 



ye// 



j/6H 



t,m 



E xc^*^) - E 



(A.2) 



m,t 
rn even 



m,t 
m odd 



Let Si = E Ex(& t(1+fc0) ) andS 2 = E Ex(^ (1+n )- 

m even t m odd t 



If m is even, then i> 



x[ 



and, since x = \k\ in (Z/dZ) x , 1 + k v = 2 (mode?). Since 



x (6*) = + £ fct + • • • + f ** and £ d = 1, we have X (b t(1+hV) ) = xip 2t ) and S 1 = E E x(& 2 *)- 

m even t 

We will show that Ex(^ 2 *) — 0- First, note that if d = 1,2, then A is one-dimensional, hence 

t 

cannot be symplectic. 

If r G Z and r = (mod d) then 

n— 1 n— 1 ai—l 

E^ rt ) = EE^ fcJ = ra - 

t=0 t=0 jr=0 



If r G Z and r ^ (mode?) then 



n-l 



n— 1 rr— 1 



z-1 



rnk J 



Irki 



t=0 



t=0 j=0 



3=0 



Thus 



n-l 



E^ rt ) 



t=0 



nx, r = (mode?); 
0, r^O(modd)- 



(A.3) 
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Since d ^ 1,2, formula (A. 3) implies that Si = 0. 

If m is odd, then k v = (modrf), hence X ip t{1+kV) ) = X {b t(1+k§) )- Thus 



Si=J2 E^ (1+ ^) = ^-E^ (1+fcf) ) 

m odd t=0 t=0 



and by (A. 3) we have 



Hence 



c J 2sn, 1 + A; 2 = 0(modcf); t \ a\ 

b2 ~\ 0, 1 + jfcf ^O(modrf). (A - 4) 

^. Ex(!/2) = J_. (Sl _ 52) = _|_ 

1 1 yeH 

which together with (A.l) and (A. 4) proves the proposition. □ 

Let D be a group, U a finite-dimensional C[-D]-module, and U* the dual C[Z)]-module of U. 
Let U denote the vector space over C with the underlying abelian group U* and multiplication 
by constants defined as follows: 

a ■ (ft = acj), a G C, G U* , 

where a is the complex conjugate of a. Clearly, the C[D]-module structure on U* makes U into a 
C[-D]-module. In what follows by U we mean a C[Z)]-module with this structure. We say that U is 
unitary if U admits a nondegenerate invariant hermitian form (not necessarily positive definite). 

Lemma A. 2. Every semisimple unitary, orthogonal, or symplectic representation X of a group 
D has the following form 

X ^ Af © - --©Af, 

where u is a representation of D, v = v* if X is orthogonal or symplectic and v — v if X 
is unitary, X\, . . . ,X t are pairwise nonisomorphic irreducible unitary, orthogonal, or symplectic 
representations of D respectively. 

Proof of Lemma A. 2. We say that a unitary, orthogonal, or symplectic representation is minimal 
if it cannot be written as an orthogonal sum of nonzero invariant subspaces. Clearly, every unitary, 
orthogonal, or symplectic representation is an orthogonal sum of minimal unitary, orthogonal, or 
symplectic representations respectively. Thus, it is enough to prove that if A is a semisimple 
minimal unitary, orthogonal, or symplectic representation of D, then either A is irreducible or 
A = v © v for some irreducible representation v of D. Let U be a representation space of D 
corresponding to A, U — U* if A is orthogonal or symplectic and U = U if A is unitary. Since A is 
semisimple, U — V\ © • • • © V n , where V\, . . . , V n are nonzero simple C[D]-sub modules of U. Let 
(• , •) be a nondegenerate invariant form on U . It defines a C[-D]-module isomorphism between 
U and U via <fi(u) — (u ,■), u G U. Let : U — >■ V\ © • • • © V n denote the usual isomorphism 
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between U = (Vi © • • • © V r „)~ and Vi © • • • © V n . For each i and j let a^- : V* 
C[D] -module homomorphism defined by the following diagram: 



Vj be a 



U >Vi© 



©K 



where 7ij is the projection onto j-th factor. Since ijjocf) is an isomorphism, there exists some Vi such 
that an 7^ 0, which implies that an is an isomorphism, since Vi, . . . , V n are simple. If i — 1, then 
it follows that ( • , - ) | vi is nondegenerate, hence Vi and its orthogonal complement are invariant 
subspaces of U. Since U is minimal, it implies that U = V\ and U is irreducible. Thus, we can 
assume that for each j we have Oijj = 0, which is equivalent to (Vj , Vj) = 0. Without loss of 
generality we can assume that ayi 7^ 0. Then a 2 i 7^ 0. Indeed, if an 7^ 0, then there is some u e Vi 
such that (u , •) |y 2 7^ 0, i.e. there is some v e V2 such that (u , i>) 7^ 0, hence (i> , tt) 7^ 0, which is 
equivalent to CC21 7^ 0. Let us prove now that (• , •)|viev 2 i s nondegenerate. Let u + v e Vi © V2 
and (u + w , x + y) = for any x + y G Vi © V 2 . We have (u + v ,x + y) = (u ,y) + (v ,x) =0, 
because (Vi , Vi) = (V 2 , V 2 ) = 0. Take x = in this equation, then (u , y) = for any y e V" 2 , 
hence w = 0, because ai 2 (Vi) = V^. Analogously, t> = 0. Since U is minimal, the same argument 
as above implies that U = Vi © V 2 = Vi © V\. □ 



Proof of Proposition 2.6. By Lemma A. 2 



A ^ 1/ © 1/* © Af 



(A.5) 



where z/ is a representation of G and Ai 
representations of G. Let z/ = z/j 1 ©- • •© 
representations of G. By Lemma A.l for each i we have z/j = vf<S><f>i, where 0, is a one-dimensional 
representation of G and 1/° is an irreducible representation of G trivial on (c s ). It follows that 



. . , At are pairwise nonisomorphic irreducible symplectic 
' , where v 1 , . . . , v r are pairwise nonisomorphic irreducible 



can be considered representation of H 



written in the following form = Indg^p.^ 



= G/(c 2s ) and representation of H it can be 
where vpi is a one-dimensional representation of 



B x Tj, ipi(b) = £i for an n-th root of unity £j of order d i: x t = \k\ in (Z/rfjZ) x , and Tj = (c^) 
(see the proof of Proposition 2.5 and [S], p. 62, Prop. 25). Thus 

/ & . . . \ 



i/i(6) = z/° <g> 0,(6) 



V ... er" y 

mm k .. 
y 
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In the second matrix we used the relation (pi(b) k ~ 1 = 1, which follows from the fact, that fa is 
a one-dimensional representation of G and c _1 6c = b k . By Proposition 2.5 each \ = Indf^.pj, 
where pi is a one-dimensional representation of B x Lj, p £ (&) = 77^ for an n-th root of unity rji of 
order u iy y^ = \k\ in (Z/wjZ) x , Lj = (c Vl ), and Pi(c Vi ) = —1. 
We will need the following lemma: 

Lemma A. 3. Let di, . . . , d rn be pairwise distinct natural numbers. For each di let Pi(X) e C[X] 
be a monic polynomial, all the roots of which are some primitive di-th roots of unity and let 
p(X) = pi(X) ■ ■ -p m {X). If p(X) G Q[X] ; then each Pi(X) is a power of the di-th cyclotomic 
polynomial $^(X). 

Proof. Let £1 be a root of pi(X), then £1 is a primitive cii-th root of unity. Since £1 is a root of 
p(X) e Q[X] and $ dl (X) is the minimal polynomial of £1 over Q, p(X) = $ rfl (X) S1 •r(X), where 
s\ is a natural number and r(X) is a polynomial over Q not divisible by ^ dl {X). Applying the 
same argument to all Pi(X) and taking into account that $ dl (X), . . . , § dm (X) are distinct, we 
get p(X) = <fr dl (X) Sl ■ ■ ■ $ dm (X) Sm for some si, . . . , s m > 0. Since the roots of each Pi(X) can be 
only primitive di-th roots of unity, we conclude that Pi(X) = <& d .(X) Si for each i. □ 

Since the characteristic polynomial p of A (b) has coefficients in Q, by Lemma A. 3 we can 
assume that £i0i(tV), . . . , £ r c/v(tV), 771, . . . ,r] t are primitive roots of unity of the same order d and 
that p = Q d for some v, where Q d is the ci-th cyclotomic polynomial. Indeed, A can be written as 
a sum of semisimple symplectic representations of G which have this property and it is enough 
to show that for each of them (2.5) holds. 

Let x = \k\ in (Z/ciZ) x and T = (c x ). If A = v © v* then there is nothing to prove. Thus, we 
assume that there is Ai in (A. 5). Since Ai is symplectic, x is even, d 7^ 1,2, and k 2 = —1 (modci) 
by Proposition 2.5. Note, that x divides each X{. Indeed, (C,i<pi(b)) kXl = £i0j(tY), hence k Xi = 
1 (modci), because £,i4>i{b) is a primitive ci-th root of unity by assumption. For each i denote by 
p Ui the characteristic polynomial of Ui{b) and by p v * the characteristic polynomial of v*(b). Then 

Vvi = Pv*- This is true because x divides Xi, x is even, k^ ^ 1 (modci), and = —1 (modci), 
hence each root of p Ui appears in p Vi with its complex conjugate. Thus 

p = pl[ 1 ---pl l ;p z x\---p z x t t , 

where for each % we denote by p\ t the characteristic polynomial of \{h). 

For each primitive ci-th root of unity £ write g(£) = [X — £)(X — • • • (X — ^ kX ), where 
x = \k\ in (Z/ciZ) x . Clearly, all . . . ,£ kx are distinct and for two primitive ci-th roots of 
unity £ and £' either g(£) = c](£') or g(£) and g(£') have no common roots. In this notation 
p\i = q{r]i) and p n = q{ii4>i{f)) a \ where on = Since Ai,...,A t are irreducible, symplectic, 
and pairwise nonisomorphic, it follows from Proposition 2.5 that q(r]i) 7^ qijlj) f° r * 7^ J- Without 
loss of generality we can assume that p has the following form: 

P = q(ZiMb)) 2mi ■ ■■q(OMb)) 2mf q(ViY 1 • (A.6) 

where / < r, mi, . . . ,mj are positive integers, and c](£ 1 1 (6)), . . . , g(£/0/(6)) have no common 
roots. There are two possibilities: 
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(1) there exists some q(^i4>i(b)) which is not equal to any of 5(771) , . . . , q(r) t ). Without loss of 
generality we can assume that i — 1; 

(2) each q(ii4>i(b)) equals some q(rjj). 

(1) In this case, since p = & v d1 it follows from (A. 6) that for each j we have z 3 • + 2 • a(j) = 2mi, 
where a(j) = mp if q(r)j) equals some q(ip<t>p(b)) and a(j) = otherwise. Thus, in this case all 

£1 H 

zi, . . . , Zt are even and [A] = [u] + [v*\ + 2 • [// ], where /i = A : 2 © • ■ ■ © A t 2 is symplectic of finite 
image because all Ai, . . . , X t are symplectic of finite images. 

(2) In this case, since p = ^ follows from (A. 6) that for each j we have Zj + 2 • a(j) = v, 
where a(j) = mp if q(r)j) equals some q(£p<j>p(b)) and a(j) = otherwise. Moreover, it follows 
that 9(771) • • • 9(774) = $ d . Thus 

[A] = [i/] + [i/]-2.[^]+t;.[A 1 ] + ... + t;.[A t ], 

where p! Q = A"* 1 -*© - • -(BX^ * s symplectic of finite image and it is enough to show that A\©- • -®A t 
is realizable over Q. Recall that for each i, Aj = Ind^^p^j, where ipi(b) = & for some primitive 
d-th root of unity x = \k\ in (Z/dZ) x , T = (c x ), and (pi((f) = 1 (see Proposition 2.5 and (2.4)). 
Since the representations of this form are completely defined by a root of unity £, we will denote 
them by ©(£). For any r dividing d the cyclic group (k) acts on the set of all primitive r-th roots 
of unity via £ 1 — > Let . . . , £™ r } be the set of representatives for this action and let 

e(r) = 

i=l 

Then the characteristic polynomial of @(r)(6) is just $ r . Since the characteristic polynomial of 
Ai © • • • © \\ is 9(771) • • • 9(774) = $d, it follows that A\ © • • • © \\ = 0(d). By induction on d we 
will prove that each Q(d) is realizable over Q. 

Clearly, 0(d) is realizable over Q when d—1, because in this case 0(d) = 1. Let L = (b d ) xi C 
and 7r = Ind^ 1. Then the characteristic polynomial of n(b) is x d — 1, consequently, 

7T = ^6(r) on £. 

We will prove that this is true on the whole group H . Observe, that for any r all 0(£*), . . . , 0(£™ r ) 
are irreducible over C and 0(Q.) = 0(£*/) only if % — i' and r = r'. Let xl be the character of 
0(Q). Then, using Frobenius reciprocity, we have 

(7r,e(C)> = (Indfl,0(O) = (l,Resfe(C)) = A^ x ; (6 *. c «) = ^^^(O = 1, 

hence 7r = X] r |d®( r ) 011 Since ir is realizable over Q and 0(r) is realizable over Q for any 
r < d by induction, 0(d) = 7r — Xlridr^d ®( r ) * s realizable over Q. □ 
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Proof of Proposition 2.9. Let A = k <g> u 1 ^ 2 . Then W(k <E> t) = H^(A ® r), because real powers 
of uo do not change the root number. Since the root number of representations of W(K/K) is 
multiplicative in short exact sequences, there is the unique homomorphism 

a : R{W(K/K)) — ► C x 

such that a ([A]) = W(X) for any representation A of W(K/K). Thus, it follows from Corollary 
2.7 that 

W(X <g> r) = W(fi <g> r) • W(fx* <g> r) • | ^ • <g> r) • • • W(fx a <g> r). (A.7) 

Since r has finite image and real-valued character, we have 

W(n <g> r) • W(fi* <g> r) = WOx <g> t) • <g> T)*) 

= det(/i®r)(-l) = det / u(-l) dimr • det r(-l) dim ^. 

Also, since /i and /i' are symplectic and of finite images, W(/i <S> t) — ±1, W(/i' <8> r) = ±1 
([Ro2], p. 315), hence from (A.7) we get 

W{\ ® t) = det /i(-l) dimr • det r(-l) dim ^ • W(m <g> r) ■ ■ ■ W{fi a <g> r). (A.8) 

Thus, we need to compute W(fii ® r), . . . , W(fi a <E> t). Let 7 be an irreducible symplectic subrep- 
resentation of A. Let L/K unr be a minimal subextension of K / K unr over which A acquires good 
reduction. Then, as was discussed in Subsection 2.2, A and, consequently 7, can be considered as 
a representation of G = B x (<&), where 5 = Gal(L/i^ unr ) is a finite cyclic group, (<&) is an infinite 
cyclic group. Let x = dim 7. Then by Proposition 2.5, as a representation of G, 7 is induced 
from a one-dimensional representation of B xi ($ :E ). Hence, as a representation of W(K/K), 7 
is induced from a one-dimensional representation of W(K/H X ), where H x is the unramified 
extension of K of degree x, i.e. 7 = lnd^0. Since 7 is symplectic, x is even. Let x = 2y and 
let H y be the unramified extension of K of degree y, hence K C H y C H x . Let 7' = lnd^0, 

T > = Res^r, then 7 = Ind^V and by Formula (1.4) ([Ro2], p. 316) we have 

Win ® t) = W(Ind£ s (Y ® r')) = ^(7' ® r')W(Ind" y l Hy ) 2dimT . (A.9) 

Let us prove first that W(lnd^ y l Hy ) 2dimT = 1. Let zu be a uniformizer of K. It is easy to check 
that Ind^lj^ = 0^ Xu where Xo, • • • , Xy-i are a ^ the unramified characters of K x , satisfying 
Xi(zu)y = 1. Hence W(lnd" v l Hy ) = f]^ ^(Xi)- B Y Formula (e3) ([Rol], p. 142) for each i we 
have W(xi) = Ci^\ where n(ip) G Z, each ^ is a y-th root of unity, and ^ 7^ £j if 2 7^ j. Hence 

H/(Ind^l H J 2dimr = 1. (A.10) 

To compute W{n'®T r ) we will show that Theorem 2.8 can be applied to H y , 7', and r'. Indeed, r' 
is a representation of Gal(K/iJ y ) with real- valued character and 7' = lnd#*0 is a two-dimensional 
representation of W(K/H y ) induced from a character of finite image (by Proposition 2.5), hence 
7' is a representation of Gal(K/H y ). Since Ind^7' = 7 is irreducible, 7' is irreducible too. Since 
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dim 7' = 2, 7' is symplectic if and only if det7' is trivial, because Sp(2, C) = SL(2, C) ([Ro2], p. 
317). From Proposition 2.5 we find that as a representation of B x (<3> y ), 7' has the following form 

yi/>-(<£). *(»)-(!?). 

where / is a generator of B, £ is a root of unity. It follows immediately that det 7' = 1. Thus 
to be able to apply Theorem 2.8, we need only to check that is a tame character of H£ . It 
follows from the fact that <fi is trivial on Gal(K/L) and L/K unr is tamely ramified, because 
p > 2m + I. We have shown that r' is a representation of Ga\(K / H y ), 7' = lnd^0 is a two- 
dimensional symplectic, irreducible representation of Gsl{K / H y ), and is a tame character of 
By Theorem 2.8 

W(j'®t') = detrX-l) ■ V * mT ■ (-\) {1 > T ' )+ ^ > T ' )+{i ' ' t '\ (A.ll) 

where 7/ is the unramified quadratic character of H*, 7' = lnd^(0 © 0), 6 is the unramified 
quadratic character of H£ , and tp — ±1. 

Since r' = Res^r, we have det r' = det r o N Hy / K , hence 

det r'(-l) = det r(-l) [ ^ ;X] = det r(-l) 2/ . (A.12) 

By Frobenius reciprocity 

(1, r') + (rf, r') = (l Hy © 77', r'> = (l Hy © 77', Resjv) = (Ind^(l^ © rf), r). 

As was mentioned above, Indj^ljj = ©f^J Xu where xo, ■ ■ ■ , X2/-1 are all the unramified charac- 
ters of K x , satisfying = 1- Analogously, Ind^V = S^" 1 Xi> where x y , ■ ■ ■ , X2j,-i are all 
the unramified characters of If* satisfying x\{ w ) — ~ 1 (y < * < % — 1). Thus 

2j/-l 

Ind^(lH„©77') = 0Xi, 

i=0 

where xo, • • • , Xi y -\ are all the unramified characters of K x satisfying Xi(ro) 2j/ = 1, and 

2j/-l 

(iy> + (i/,rO = X;<Xi,T>. 

i=0 

Since r has a real- valued character, for each Xi of order greater than 2, (xi, t) will appear in this 
sum twice, i.e. 

(1, r') + (7/, r'> = (1, r) + (t/, r) (mod 2). (A.13) 
Finally, by Frobenius reciprocity, 

(7',t'> = (Ind^(0®0),ResJv> = (lnd^(0 © 0), r) = ( 7 ,r). (A.14) 

Now formulas (A.9) - (A.14) imply 

W( 7 © r) = det r(-l) 2 ' • y9 dimr • (-1)< 1 ' T >+<"' T > + W' T >. (A.15) 
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Applying (A. 15) to fj,i, . . . , /i a and substituting the result into (A. 8) we get the statement of the 
proposition. □ 

Appendix B. 

Lemma B.l. Let G be a semi-abelian scheme over a field K . Then G(K) is a divisible abelian 
group. 

Proof. From (2.2) we get the following exact sequence of abelian groups: 

— ► T(K) — ► G(K) — ► A(K) — ► 0. 

Clearly, T(K) is divisible, because T(K) = (K X ) r as groups and A(K) is divisible, because A is 
an abelian variety. Thus, G(K) is divisible as an abelian group which is an extension of a divisible 
group by a divisible group. □ 

In the next lemma we keep the notation of Subsection 2.1. 

Lemma B.2. Let a 1 = (o~,N) be the representation of\V'(K/K) associated to the natural l-adic 
representation of Gal (if / K) on VJ(M)* and let a' = 7 © (5 <S> sp(2)) for some representations 7 
and 5 ofW(K/K). Thendim5 = r. 

Proof. Since dim<5 = rankiV and for any finite extension L C K of K we have Kes w , ^ ^ L ^a' = 

(Res^-a, N) ([Rol], p. 130), by Lemma 2.1 we can assume that T splits over K and A has good 
reduction over K. 

We have the following exact sequence of G&\(K /K )-modules ([Ra], p. 312): 

— ► G(K)in — »■ M(K)in ^ Y(K)/l n Y{K) — > 0. (B.l) 

Since G(K) is divisible by Lemma B.l, sequence (B.l) induces an exact Gal(K/K )-equivariant 
sequence of /-adic Tate modules: 

— > Ti(G) — > T^M) ^Z^O, 

where Z = \im(Y(K )/l n Y(K )) with the maps being the natural quotient maps. By tensoring the 

above sequence with Q/ over Zj we get the following exact Gal(K/K )-equivariant sequence: 

— > Vi(G) — > Vi(M) -U Z ® Zl Q t — > 0. (B.2) 

Let K tam C K be the maximal tamely ramified extension of K unr and R = Gal(K/K tam ). 
Then 

i/r n Z s . 

s is a prime 

Let : i — ► Z; denote the composition of the quotient map onto I/R with the projection onto 
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Let xin G M(K)in, i G I, and (f>in(xin) = [y] for some y G ^(if) and (p^ given by (B.l). Then 
a formula on p. 314 in [Ra] yields: 

l(Xln) — Xin + v X n{y <g) (B.3) 

where ^« : / — ► Z// n Z is the composition oiti : I — ► Z; with the canonical projection onto the 
factor Z/Z n Z; i> : Y(K) ® % (Z/Z n Z) — ► T(Ky is the following composition of Gal(K/K)- 
module homomorphisms: 

Y(K) ® z (Z/rZ) — > Hom z (X(Z),Z) ® z (Z/PZ) T(Z) P , 

where X is the character group of T and the first map is induced by the geometric monodromy 

fi :Y x X — > Z; 

finally, <8> £/«(?)) G T{K)in is considered as an element of M(K) ln via the inclusions 

T(F) P M(tf),». 

For each i £ I we have the following maps a„(i) : F(-ft')// ri F(i ; r) — ► T(K)in given by the 
following composition: 

Y(K)/l n Y(K) ^ ® z (Z/PZ) ^ T(7f),«, 

where VVi (*)([?/]) = y®U n {i)i V £ ^(^)- If is easy to show that {«„(«)} induce the homomorphism 

a(i) = (a n (i)) :Z— 
where Z = lim(F(i^)// n F(i ; r)). By extending scalars to Q/ we get 

a'(i) : Z ® Z( Qi — > Vi(T). (B.4) 

Let Pi : Gal(F/X) — ► GL(VJ(M)) be the natural /-adic representation of Gal(X/K) on Vj(M). 
Then (B.3) and (B.4) imply: 

= id+a'(«) o 0, ie/, 
where id : Vj(M) — > Vj(M) is the identity map and is given by (B.2). On the other hand, 

= exp(t,(i)i2i), 

where i is in some open subgroup J of I and i?z is a nilpotent endomorphism on Vi{M) ([Rol], 
Prop, on p. 131). Since a' = (a, N) is the representation of W'(K/K) associated to the 
representation a[ : Gal(K / K) — >■ GL(VJ(M)*), it follows that N is obtained from — R\ by 
extending scalars via a field embedding % : Qi C. Thus, ranki?/ = rankiV = dim 5 and 
Rf = N 2 = by assumption. Thus, 

a'(i) o(f) = ti(i)Ri, ieJ, 

and it is enough to show that there exists i$ G / such that a'(io) is surjective. 
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For each n let be a generator of Z/l n Z such that I • £ n+ i = £ n so £ = (£ n ) G Z/. Since 
: / — ► Z/ is surjective, there exists i Q G / such that (i ) — £• It implies that ip n (io) is an 
isomorphism for each n, hence it is enough to show that the map 

v' : \im(Y(K) ® z (Z/PZ)) — > V^T) 

induced by is surjective. Since /xo is nondegenerate ([F-C], p. 52, Remark 6.3), we have the 
following exact sequence: 

— ► Y(K) Hom z (X(F), Z) — > 5 — ► 0, 

where g(y) = fio(y, •) and B is finite, since Y(K) and Hom^X^), Z) are free abelian groups of 
the same rank r. Applying the functor (— ) ® z {Z/l n Z) to the above sequence, we get: 

Y(K) ® z (Z/PZ) ^ T(K) ln ^B® % (Z/PZ) — > 0, 

hence 

— ► inn/p — ► T(K), n — ► B/TB — ► 0. 

Since Y(K) ®i (Z// n Z) is a finite group, imz/p is a finite group, hence {imz/^n} satisfies the 
Mittag-Leffier condition and we have the following exact sequence: 

— ► hm(im^n) — ► T t (T) — ► \im(B/l n B) — ► 0. (B.5) 

Here lim(imz/p) = imz/, where 

v = (u ln ) : \im(Y(K) ® % {Z/l n Z)) — > T t (T). 

Indeed, let S n = Y(K) ®i (Z//"Z), then we have an exact sequence 

— ► ker v\ n — > S n — > im z/;n — ► 0, 

where the maps from S n to imi/p are induced by vyn. Since ker vyn is finite for each n, {kerz/p} 
satisfies the Mittag-Leffier condition, hence there is the following exact sequence 

— ► lim(ker z/p) — > limSVt — > lim(imz/p) — > 0. (B.6) 

On the other hand, from (B.5) we have 

lim(imz/ P ) ^ Ti(T), 

which together with (B.6) implies lim(im z//n) = imz/. 

Thus, applying the exact functor (— ) ® Z( Q/ to (B.5) and taking into account that B is finite, 
we get: 

— > (imz/) ® %l — > VJ(T) — > 0, 

which implies that 

imz/' = (imz/) ® Zi Q z = V^T), 
hence z/' is surjective. □ 
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Appendix C. 

In this appendix we keep the notation of Subsection 2.1. Let p' = (p, S) be the representation 
of W(if/if) associated to the natural Z-adic representation of Gal(K/K) on Vi(T(K)/A)*, where 
A = T(K) f)Y(K) is a free discrete subgroup of T(K) of rank s (s < r). It is known that there 
is a finite Galois extension L C if of if such that Gal (if /L) acts trivially on Y(K), hence Y(K) 
can be considered as a Gal(L/if )-module. Let 

X : Gal(L/if) — ► GL r (Z) 

denote the corresponding representation. Thus, from (2.2) we have the following exact sequence 
of Gal(L/if)-modules: 

— ► A © z C — ► Y{K) © z C — > B © z C — >0, 

where B = f(Y(K)). Let xi '■ Gal(L/if) — > GL S (Z) denote the representation of Gal(L/if) on 
A and X2 '■ Gal(L/if) — > GL r _ s (Z) denote the representation of Gal(L/K) on B ©^ C. Then 

X = Xi®X2- 

Proposition C.l. 

p' = ( X 2 © co' 1 ) © (xi © c^ 1 © sp(2)). 

Corollary C.2. Let t be a representation o/Gal(if/if) with real-valued character. Ifr = s, then 
X — Xi an d we have: 

W{p'®r) =detr(-l) r -detx(-l) dimr • (-l) (x ' r> . 

Proof. The statement is a consequence of Proposition C.l and Proposition 6 on p. 327 in [Ro2] 
(cf. [Ro2], p. 329, Thm. 2(ii)). □ 

Proof of Proposition C.l. Let Y = T(K)/A. We have the following exact sequence of Gal(if/if)- 
modules: 

— >A — >T(K) — >T — >0. (C.l) 

Since A = Z s and T(K) is a divisible group, this sequence induces the following exact Gal(if/if)- 
equivariant sequence of Z-adic Tate modules: 

— TtiT) — T,(r) — xi ® Z? — 0, (C.2) 

where i](T) denotes Ti(T(K)). Let L C if be a finite Galois extension of if over which T splits. 
Since XJ(T) is a free Z^-module of rank r it follows from (C.2) that T}(r) is a free Z^-module of 
rank s + r, hence by Proposition C.3 below we have 

Res^p' (c^ 1 )®^ © (cu L 1 © sp(2))® s , (C.3) 

where 0;^ = Res^cu. The rest of the proof is similar to the proof of Proposition 2.10. Since 
^ es w(K/L)P' = (R es KPi S) an d Res^-p is semisimple by (C.3), p' is admissible by Lemma 2.1. 
Hence it has the following form: 

t 

P =0«i©sp(n t ), (C.4) 
i=i 
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where each ctj is a representation of W(K/K) and each n« is a positive integer ([Rol], p. 133, 
Cor. 2). Also, it follows from (C.3) that S* 2 = and rankS* = s. Thus, each rii in (C.4) is 1 or 2 
and 

p' ^a®{(3®sp{2)), (C.5) 

where a is a representation of W(K/K) of dimension r — s and (3 is a representation of W^X/lf) 
of dimension s. 

Applying the exact functor (— ) ® Ij1 Q; to (C.2) and taking duals afterwards, we get 

— Xi ® Q? — TO* — V^(T)* — 0, (C.6) 

where VJ(T) = Vi(T(K)) and xi — since xi is a representation of finite image, realizable 

over Z. Sequence (C.6) induces an exact sequence of corresponding representations of W(K/K), 
i.e. 

— > (xi ® Qf) ®,C^ V^(r)* ®,C^ V^(T)* ^C^O (C.7) 
is an exact sequence of W' (K / K)-modu\es, where xi is the representation of W(K/K) on (xi ® 
Q?) ®, C, p' = (p,S) is the representation of W(K/K) on V$(r)* ®, C, and by Lemma 2.11, 
X ® cj" 1 is the representation of W'(K/K) on VJ(T)* ® ? C. Since p is semisimple, the exact 
sequence (C.7) of W(i^/i^)-modules splits, i.e. 

p = Xi®(x®^ r )- 
On the other hand, from (C.5) we have: 

p^a® j3®((3®uj). 
Thus, combining the last two congruences, we get 

a® f3® ((3®uj) ^ xi © (x®^ 1 )- (C.8) 

We claim that (3® cu is isomorphic to a subrepresentation of xi- Suppose there is an irreducible 
component (3q of (3 such that (3q ® ui is isomorphic to a subrepresentation of x ® i- e - 

Po ® oo ^ x ® uj- 1 (C.9) 

for some irreducible component x of x- It follows from (C.8) that /3o is isomorphic to a subrepre- 
sentation of x®^ 1 or Xi) which is impossible, because x, x, and Xi have finite images, whereas 
u does not. Indeed, suppose (3q = y ® uj~ 1 or f3 = z, where y is an irreducible component of x 
and z is an irreducible component of Xi- From (C.9) we get 

(3 = x® uj' 2 , 

hence 

x ® uo~ 2 = y ® uo~ l or x®uo~ 2 = z. 
By taking determinants of both sides in each case, we get 

det y det z 

where m = dimy, k = dimx. Since x, y, and z have finite images (as being subrepresentations 
of x or Xi) an( i ^ nas infinite image, (C.10) gives a contradiction. 
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Thus, (3 <S> oj is isomorphic to a subrepresentation of xi- Since (3 <g> u and xi have the same 
dimension s, we have j3 <g> uj = xu hence (3 = xi® UJ ~ 1 - By the uniqueness of decomposition of a 
semisimple module into simple modules, we conclude from (C.8) that a = X2 <8> D 

Proposition C.3. Let A C (K x ) r be a free discrete subgroup of rank s (s < r) and denote 
(K x ) r /A by T. Let p' = (p, S) be the representation ofW'(K/K) associated to the l-adic repre- 
sentation of Qdl{K/ K) on Vi(T)*. Let Ti(T) be a free Zi-module of rank s + r. Then 

p' 9* (uj- 1 )®^ © ® sp(2)) ffis . 

Proof. Let pi,...,p s £ A be a basis of A, satisfying the assertion of Lemma C.5 below. First, 
let us choose a Q r basis for V t = VJ(r). Let f x = {f\{n)), . . . , f s = (f s (n)) G 7](r), where 
/i(n), . . . , f s (n) as elements of (K ) r have the following form: 

/i(n)'"=pi, ... Js(n) l "=p s and 
+ = ... ,/ a (n + !)' = /». 

Let £ = where each £(n) G K* is a primitive / n -th root of unity and £(n + 1)' = £(n). Let 

/a+i = (/«+i(n)), • • • , fs+r = (fs+r(n)) G T t (T), where / a+ i(n), . . . , / a+r (n) as elements of (if X ) r 
satisfy the following properties: 

/ s+1 (n) = (£(n),l,...,l), 
/ i+2 (n) = (U(n),...,l), 

/ a+r (n) = (1,1,..., £(n)). 

Then f\, . . . , / s+r is a basis of V\. Indeed, it is easy to check that f\, . . . , f s+r are linearly inde- 
pendent over Zj. Since T)(r) is a free Z/-module of rank s + r, it follows that fi, ■ ■ ■ , f s + r is a 
basis of V/. 

Let pi : Ga\(K / K) — ► GL(Vj) be the /-adic representation associated to the Gal^/i^-module 
V\. Then the matrix representation of pi with respect to the basis fi, . . . , / s+r has the following 
form: 

«W=(bw £)• (aU) 

where _E r and E s are the identity matrices, % G /, and G Mat rxs (Q/). It is known that there 
exists a nilpotent endomorphism Si of V ; * such that S is obtained from Si by extending of scalars 
via a field embedding i : Q; <^-> C; moreover, 5/ is a unique nilpotent endomorphism such that 

p*(i)=eMUm), (C12) 

where t; : / — ► Q; is a nontrivial continuous homomorphism and i belongs to an open subgroup 
of /. Furthermore, for any g G W(K/K) we have 

p(g) = P Kg)eM-tim), (C.13) 
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where p*(g)exp(—ti(i)Si) is considered as an element of GL(VJ*<8> t C) via % ([Rol], p. 131, Prop.(i), 
(ii)). Formula (C.ll) for pi(&) implies that, considered as a matrix over C via i, it is diagonaliz- 
able. It follows from Formula (C.13) that p($) is diagonalizable, hence p is semisimple and p' is 
admissible by Lemma 2.1. 

Let w be a uniformizer of K and let II = (zu(n)), where each zu(n) E K has the following 
property: 

zu(n) 1 " = w and tu(n + l) 1 = zu(n). 

There exists i E I such that 

i (n) = (i (tJ7(n))) = Mn)£« (n) ) = fTI, 
where a = (a(n)) G Z/. By Lemma C.4 below a^O. 

Lemma C.4. Lei <? G O and let g n G K denote a root of x l " — g = 0. Then i(g n ) = g n for any 
i E I and n G N if and only if g G O x . 

Proof. Clearly, i(g n ) = g n for any i E I and n G N if and only if K(g n ) is unramified over K for 
any n. 

Let ^ G O x . Then the assertion follows from the fact that x l " — g, considered as a polynomial 
in k[x], has no multiple root ([L], p. 48, Prop. 7). 

Conversely, since g% = g, the valuation of g in K(g n ) is divisible by l n . Since K(g n ) is 
unramified over K for any n, the valuation v g of g in coincides with the valuation of g in 
K(g n ), hence v g is divisible by l n for any n, which implies that v g must be zero and g E O x . □ 

Let pk = (Pkj), Pkj G K x , 1 < /c < s, 1 < j < r. It follows from Lemma C.5 below that without 
loss of generality we can assume that ptk & O x for any k and that p^ E O x whenever k > j, 
1 < j < r. Thus there exist u k E O x and m k E Z x such that p k k = u k • zu mk . Let (uk{n)) be a 
sequence in K* such that 

Mn) r = u k and w fc (n + 1)' = u k (n). 

For / fc (n) G (K X ) r write = (f kj (n)), where G i^ X , 1 < k < s, 1 < j < r. Then as 

fkk{ n ) we can take u k (n) ■ w{n) mk . For i we have 

*o(/i) = (io(/iW)) = (i (fu(n)),i (fi2(n)), . . . ,i (fir(n))), 
where by Lemma C.4 we have: 

io(/n(n)) = «i(n) • • e(n) a ^ mi = f n (n) ■ i{n) a ^ m \ 

Analogously, using Lemma C.4, we get the following formulas: 

A ( f \ — f rami fi2 fa r 
lO\h) — Jl-Js+1 - Js+2 ■ ■ ■ Js+n 

A I f \ — f fOtm 2 fbz fb r 
T-0\J2) — J2 J s+ 2 Js+3 is+r? 

A I f \ — f fam 3 fC s +i rc r 
'OUsJ — Js-J2s ' J2s+1 ' ' ' Js+r 
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for some Oj, bj, . . . ,Ck £ Zj. This implies that B(io) has the following form: 



B(io) 



( ami 

* am 2 



\ 



\ 




am. 



/ 



(C.14) 



where a, mi, ...,m s 6Z ( x , hence rank£?(2 ) = s. 
Since p' is admissible, 

fc 

p' ^ (8) sp(nj-), 

where ni,...,7ik are representations of W(K/K) ([Rol], p. 133, Cor. 2 ). Since p*(i) = 
exp(ti(i)Si) by (C.12) and (p^i) - E s+r f = from (C.ll), it follows that {Si) 2 = 0, i.e. each n, 
in (C.14) is 1 or 2, hence 

p'^a©( / 3®sp(2)), 

where a and (5 are representations of W(K/K). Since rank_B(i ) = s, the equation (C.12) implies 
that ranks' = rankS/ = s, hence dim/5 = s and dim a = r — s. 

Let us prove now that a = r _ s c<j _1 and f3 = s c<j _1 . It can be easily verified that (C.ll) - 
(C.13) imply 

E ' ( w -i)er), geW(K/K), (C.15) 

hence there is a complete flag of subrepresentations 

(0) ^ W l c • • • C W^ s+r = C 

of p. Since p is semisimple, it implies that p is a direct sum of one-dimensional subrepresentations, 
hence from (C.15) 

a^Quj- 1 an d ^Q^ 1 . 

r—s s 

□ 

Lemma C.5. Let K be a non-Archimedean local field of characteristic zero with ring of integers 
O. Let A C (K x ) r be a free discrete subgroup of rank s (s < r). There exist a basis p 1 , . . . ,p s 
of A and natural numbers ni, . . . ,n s (I < n\ < n 2 < ■ ■ ■ < n s < r) with the following property: 
if Pk = (Pkj), 1 < k < s, 1 < j < r, and p kj e K x , then p irii O x for any i and p ln . G O x 
whenever I > i. 

Proof. First, note that (O x ) r fl A = {1}. Indeed, if x e (O x ) r n A and x ^ 1, then (x n ) is 
an infinite sequence in {O x ) r fl A, hence it has a limit point, because {O x ) r is compact, which 
contradicts the assumption that A is discrete. 

Let w be a uniformizer of K. The map O x x Z — > K x given by 

(u, n) i— > uuj n 
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is an isomorphism of topological groups. For every positive integer r it induces an isomorphism 
(K x ) r 2* (O x ) r x Z r . Let vr : (K x ) r — ► Z r be the projection onto Z r and h, . . . ,t s be a basis 
of A. Since (O x ) r fl A = {1}, 7r(ii), . . . , n(t s ) form a basis of 7r(A). Indeed, otherwise, there exist 
mi, . . . , m s G Z, not all of which are zeros, such that 

m 1 7r(t 1 ) + • • ■ + m s ii{t s ) = 0. 

Then 1 ^ t™ 1 ■ ■ -t™ s G (O x ) r n A. Thus, 7r(A) C Z r is a subgroup of rank s and it is enough to 
prove the following sublemma: 

Sublemma C.6. Let G C Z r fre a subgroup of rank s (s < r). There exist a basis gi, . . . ,g s of 
G and natural numbers ni, . . . , n s (1 < n\ < n 2 < ■ ■ • < n s < r) with the following property: if 
9k = (dkj), 1 < k < s, 1 < j < r, and g k j G Z ; then g irii ^ for any i and gi ni = whenever 
I > i. 

Indeed, if we assume Sublemma C.6, then there is a basis g\,...,g s of 7r(A) with the property 
described in Sublemma C.6. Since n(ti), . . . , n(t s ) is a basis of 7r(A), there is a matrix D = (g^) G 
GL S (Z) such that 

g i = ^2d ij 7i(t j ), l<i<s. 



Then pi = J| . t?\ 1 < i < s, will be a basis of A with the required property. □ 

Proof of Sublemma C.6. Suppose r = s. We will prove the sublemma in this case by induction 
on r. Clearly, it holds when r = 1. Let r be arbitrary and ei, . . . , e r be the standard basis of Z r . 
There is k G Z x such that G fl (e r ) = (/ce r ), because me r G G, where m = \B\ and 5 = Z r /G. 
Then G/ (/ce r ) C Z r_1 is a subgroup of rank r — 1. By induction, there exist gi, . . . , g r _i G G such 
that in G/{ke r ) we have: 



1 < i < r - 1, 

whenever % > j. Then g ± , . . . , g r _i, g r = /ce r 



r-l 

& = a*. 

for some G Z such that an ^ for any i and ajj 
will be a basis of G with the required property. 

Suppose now that s ^ r. Let q±, . . . , q s be a basis of G. Then gj = fr^e.,-, where _B = (6^) G 
Mat sxr (Z). Since 51, . . . , q s is a basis, ranki? = s, i.e. there exists an s x s-submatrix Bq of i? 
such that det B 7^ 0. Let B have the following form: 

^2m ^2n 2 



fin 



bln s \ 
b2n s 



J 



Then p^ = £\ bi nj e nj , 1 < 2 < s, are linearly independent, hence generate a free subgroup of 
rank s in Ze ni © • • • © Ze„ s . By the case r = s above there is a matrix C G GL S (Z) such that 



34 



M. SABITOVA 



where hk nj G h ini ^ for any i and /ij ni = whenever / > i. Then = J2i c kiQi, 1- < k < s, 
will be a basis of G with the required property. □ 

Appendix D. 

We keep the notation of Subsection 2.1 except that K does not have to be of characteristic 
zero and K denotes a separable algebraic closure of K. As in Appendix A (see Lemma A. 2) if 
A : D — > GL(U) is a representation of a group D, then by A : D — > GL(f7) we denote the 
representation of D on U, where U is a C[/}]-module with the underlying D-module U* and 
multiplication by constants defined as follows: 

a ■ (ft = acj), a G C, <fi G U* . 

We say that U is unitary if U admits a nondegenerate invariant hermitian form (not necessarily 
positive definite). 

Proposition D.l. Let a' be an admissible representation ofW(K/K) written in the following 
form: 

k 

°' — ® sp(wi), 

where each-Hi is a representation ofW(K/K) andni ^ rij whenever i ^ j ([Rol], p. 133, Cor. 2). 
If a' is unitary, orthogonal, or symplectic with respect to a corresponding invariant nondegenerate 
form (•, ■) then each 7Tj <S> sp(nj) is unitary, orthogonal, or symplectic respectively with respect to 
the restriction of (•, •). 

Proof. Let U be a representation space of a' and Ui a representation space of 7Tj ® sp(nj), 1 < 
i < k, so that U = ©* =1 C^- Let (• , •) be a nondegenerate invariant form on [/ and let U 
be a W(Z/ir)-module over C such that U = U* if (• , •) is bilinear and U = U if (• , •) is 
sesquilinear. Let : U — > U be the isomorphism of W (K / K)-modu\es induced by (• , •), and 
let ip : U = (® i=1 fj) — >■ U\ ® ■ ■ ■ ® Uk denote the usual isomorphism. It is easy to show that 
for any n we have sp(n)~ = uj^^ 1 ^ ® sp(n), hence Ui = Vi, where Vi denotes a representation 
space of 7fj <S> u"^' 1 ^ <8> sp(nj). Denote by A : Ui © • • • © Uk — > V± © • • • © 14 the corresponding 
isomorphism. For each % let p« : Ui — ► Vi be defined by the following diagram: 

u — - Vi © • • • © v k 



Ui >Vi 

where 7ii is the projection onto i-th factor. To prove that (-,-)\ui is nondegenerate for each i 
is equivalent to proving that p« is an isomorphism for each i, which follows from Lemma D.2 
below. □ 
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Lemma D.2. Let a' = (a,N) and ft = (ft M) be two isomorphic admissible representations of 
W'(K/K) written in the following forms: 

k k 

a' = 0«i © sp(ni) and ft ^ ft © spfo) , 



where each ai and ft is a representation of W(K / K) , Hi ^ nj whenever i ^ j. Let U (resp. V) 
be a representation space of a' (resp. ft) and for each i let Ui (resp. Vi) be a representation space 
of ai © sp(rij) (resp. ft © sp(rij)). Let <fi : U — ► V be an isomorphism of W (K / K) -modules and 
ipi : Ui — > Vi, 1 < i < k, defined by the following diagram: 




where 7Tj is the projection onto i-th factor. Then each ipi is an isomorphism of W' (K / K) -modules. 

Proof. We will prove the lemma by induction on k. Clearly, it holds when k — 1. Let k be 
arbitrary and let eo, • • • ,e„ fc _i be the standard basis of C" fe . Without loss of generality we can 
assume that n k > n« for any i. Let be a representation space of a k , so £4 = ©"^^(^fc ® e i)- 
Then 

[/ = kerN™^ 1 © (C/° © eo) and 

= W'(ker JV 71 * -1 ) © (E/£ © e^), < j < n k - 1. (D.l) 
Since is an isomorphism of W(-ft'/ii')-modules, we have from (D.l): 

M J V = M^ker M Tlk ~ 1 ) © 0(f/ fc ° © ej ), 0<j<n k -l. (D.2) 
On the other hand, (D.l) holds in V, i.e. 

M J V = M J '(ker M nk ~ v ) © (V^ © ej), 0<j<n k -l, (D.3) 
where V fc ° denotes a representation space of ft. We have the following filtration of V: 
V D ker M nk ~ 1 D MV D M(ker M nk ~ 1 ) ■ ■ ■ 

— M nk -'V = <P(U° © e nfc _!) = \/ fc ° © e^. (D.4) 
Since V is a semisimple W(K / K)-modu\e, taking into account (D.2), we get from (D.4): 

n k -2 

V = (Q)A J )®<P(U k ), (D.5) 

3=0 

where each Aj is a complement of M J+1 V in AP(ker M nfc_1 ). Analogously, taking into account 
(D.3), we get from (D.4): 

n k -2 

V = (Q)A 3 )®V k . (D.6) 

3=0 
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Combining (D.5) and (D.6), we see that iik o (f>(Uk) = hence ipk is an isomorphism. To be able 
to apply the inductive step, note that Afs can be chosen in such a way that 

n k -2 k—1 

(B A 3 ' = © V i- 

j=0 i=0 

Indeed, this follows from the following formulas: 

n k -l 

kerM"* -1 = MV©(0(V; o ®eo)) and 

i=0 

Tlfc — 1 

M^kerM^" 1 ) = M i+1 \/ © (0 © e,)), < j < n k - 1, 

i=0 

where each is a representation space of Thus, by (D.5) 

fc-i fe-i 
^ = (0 Vj) © 0(f4) = 0(0 C/i) © </>(U k ), 

i=0 i=0 

which implies that the projection of (f>(®iZo Ui) onto ©^Tq 1 is an isomorphism, hence by in- 
duction ipi, . . . , tpk-i are isomorphisms. □ 

As in Lemma A. 2 above by a minimal unitary, orthogonal, or symplectic representation we 
mean a unitary, orthogonal, or symplectic representation respectively that cannot be written as 
an orthogonal sum of nonzero invariant subrepresentations. 

Proposition D.3. Let a' be a minimal unitary, orthogonal, or symplectic admissible represen- 
tation of W'(K/K). Let U be a representation space of a' and (• , •) a nondegenerate invariant 
form on U. Then either a' is indecomposable or U = V © V , where V is an indecomposable 
submodule of U, V = V if (• , •) is bilinear, and V = V* if (■ , •) is sesquilinear. Moreover, if X is 
the isomorphism ofV®V onto U and (• , •)' is the form onV ®V given by 

(x,y)'= (\{x),\{y)), x,yeV®V, 

then (• , -)'|v and (■ , are degenerate, (■,-)': V x V — >■ C is the standard form given by 

(ujy = f(u), ueV,feV. 

Proof. Since a' is minimal, it follows from Proposition D.l, that a' = a © sp(n), where a is a 
representation of W(K/K). Since a' is admissible, a is semisimple, hence a = ©* =1 cti, where 
each ccj is an irreducible subrepresentation of a. For each i let C/j be a representation space of 
cti © sp(n), so that U — XJ\ © • • • © U k . Let : U — >■ Ui © • • • © U k be the composition of the 
isomorphism induced by (• , •) with the usual isomorphism of (U\ © • • • © £4)~ onto Ui © • • • © U k . 
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For each i and j let 0^ : Ui — > Uj be defined by the following diagram: 

Ui 

where Uj is the projection onto j-th factor. We claim that for any % there is j = such that (f>ij 
is an isomorphism. Indeed, let U° be a representation space of ctj so that Ui = U° © C n , where 
C n is the representation space of sp(n). Let W = C be the representation space of u^^ 1 ^ and 
■0 : U — ► (&i =1 {U° © © C n ) the composition of with the usual isomorphism induced by 
(Xi © sp(n)~ = a i <8>w-( n - :l )(8)sp(n), I <i <k. For each % and j let ^ : £/°©C n — ► U°®W®C n 
be defined by the following diagram: 

U (UI ®W® C n ) © • • • © (E/£ (8) W (8) C n ) 

C/° © C n — E/? <g> W <g> c n . 

Let eo, • • • , e„_i be the standard basis of C n . If for each « there is j = such that the projection 
of il)(U°®eo) onto U°®W®e G is nonzero, then U° = U°®W (because each U° is irreducible), hence 
Ui = Uj and 0y 7^ 0. Then it follows from Schur's lemma for indecomposable representations of 
W'(K/K) ([Rol], p. 133, Cor. 1), that 0^ is an isomorphism. 

Assume now that there is % such that the projection of ip(U° © eo) onto U° © W © eo is zero for 
any j. Let iV (resp. M) be the nilpotent endomorphism of U (resp. of ([/j 3 © © C n ) © • • • © 
(C/fc © W © C n )). Then ^{U° © e ) C X, where X = © t > 1;8 (£7° © W © e t ) and X C kerM™" 1 . 
Since C/° © e % keriV" - " 1 , we get a contradiction with -0 being an isomorphism. 

Thus, in particular, there exists some j such that 4>ij is an isomorphism. If j = 1 then (• , 
is nondegenerate, hence U\ and its orthogonal complement are invariant subspaces of U. Since 
U is minimal, it implies that U — U\ and U is indecomposable. If j 7^ 1 then without loss 
of generality we can assume that j = 2, (• , ■)\u 1 and (• , -)\u 2 are degenerate. Let us show that 
(' > ')\ui®u 2 1S nondegenerate. Suppose it is degenerate, i.e. K = ker((- , ^lu&Uz) is nonzero. Let 
R\ (resp. Rq) be the nilpotent endomorphism of U\ (resp. U 2 ). Then R = Ri®R 2 is the nilpotent 
endomorphism of U\ © U 2 . We claim that Kf]kerR 7^ 0. Indeed, let x G X and x 7^ 0. Then 
there is i (0 < « < n — 1) such that R l x G keri? and 7^ 0. Also, 

(iTx, y) = (-1)' • (x, R l y) = for any yeU x @ U 2 , 

hence R l x G K. Let x G Xf^keri? and x 7^ 0, i.e. a; = xi + £2, where Xi G keri?j, i = 1,2. 
Without loss of generality we can assume that x\ 7^ 0. Since 0i2 is an isomorphism, there is 
t/2 G C/ 2 such that (xi,y 2 ) 7^ 0. By assumption, (• , -)\ U2 is degenerate, hence K 2 = ker((- , -)|c/ 2 ) is 
nonzero. Then by the same argument as above K 2 (~)ker R 2 7^ 0. Since keri? 2 — U 2 ® e n _i, it is 
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irreducible, consequently keri? 2 Q K 2 . In particular, (2:2,2/2) = 0- Hence 

(xi + x 2 ,y 2 ) = (x 1 ,y 2 ). 

Since (xi, y 2 ) 7^ by the choice of y 2 , we get a contradiction with x±+ x 2 & K. Thus, (• , •)\u 1 ®u 2 
is nondegenerate. Since U is minimal the same argument as above implies that U = U\ © U 2 = 
U 2 © C/ 2 - □ 
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